The problem of the M5 brane anomaly cancellation is addressed. We reformulate FHMM construction [1] making explicit the relation with the M5 brane SUGRA solution. We suggest another solution to the magnetic coupling equation which doesn't need anomalous SO(5) variation of the 3-form potential and coincides with the SUGRA solution outside smoothed out core of the magnetic source. Chern-Simons term evaluated on this solution generates the same anomaly inflow as achieved by FHMM.
The potential anomaly of the normal bundle in the presence of the M5 brane has three contributions. The first one comes from a chiral theory of zero-modes on the brane world volume, second comes from the Chern-Simons coupling G 4 ∧ I 7 , where G 4 is the 4-form field strength and I 7 is a gravitational Chern-Simons. The problem of finding the third contribution that cancels the previous two is addressed in [1] in the following way.
Instead of considering 11-d SUGRA in the background of the 11-d M5 brane solution the other theory is studied. It's 11-d SUGRA with a 4-form field-strength satisfying modified Bianchi identity corresponding to the (singular) magnetic coupling to a 6-dimensional submanifold (which represents the 5-brane in this picture).
To have a well-defined delta-function in the magnetic coupling equation the source is smoothed out and the 4-form G satisfies
where ρ is a bump function. It equals to −1 on the brane (r = 0) and to 0 far away from the brane, e 4 is an angular form on the SO(5) normal bundle. It is closed (de 4 = 0) and gauge invariant under SO(5) transformations of the normal bundle. Locally e 4 = de 3 . The tubular neighborhood of the brane is removed and the resulting effective action in the bulk is
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In [1] it is argued that a general solution to Eq. (1) is
The requirement for G to be regular at the origin gives A = 0 and B = 1 (since e 4 is not well-defined at the origin, but dρ = 0 at r = 0). Thus
Since G should be gauge invariant under SO(5) transformations but e 3 is not ( δe 3 = de (1) 2 ) C has a gauge variation
This leads to an anomalous variation of the modified Chern-Simons term in the action Eq. (2) and produces the necessary anomaly inflow from the bulk. Chern-Simons should be modified since the relation between G 4 and dC 3 has changed.
To maintain dS CS = (a closed form) 3 Chern-Simons can be built out of
This is the choice of [1] . Thus the new Chern-Simons term is
In this approach the 5-brane is considered as a magnetic source for the 3-form and not as a solution to D = 11 SUGRA. "..the very important question of the relation of this approach to that based on a direct study of solutions to supergravity" [1] is left for the future.
Let us compare Eq. (4) with the background M5 brane solution [2] 3 ds
Here ∆ is a harmonic function such that 2∆ = δ(r) that is (r 4 ∆ ′ ) ′ = δ(r) ( ′ is a derivative with respect to r). The 4-form G in the solution can be rewritten in the form
(it is shown in the Appendix). Where f (r) = 1 for r > 0 and it jumps at r = 0 since f (r) ′ = δ(r).
Therefore the background solution of SUGRA for 5-brane satisfies the equation
Let us regularize the delta function in the spirit of [1] i.e. find a corresponding solution of the magnetic coupling Eq. (1).
Away from the brane G has the form e 4 /2 for a magnetic brane with a charge 1. We see that dC in Eq. (3) should be equal to e 4 for the background solution. Thus C exists only locally and is equal to e 3 (up to a closed form). Therefore the general solution of magnetic coupling equation dG = dρ ∧ e 4 /2 can better be written in the form
whereC is already globally defined. To satisfy the asymptotic behavior of the background solution we have to take this closed 4-form to be e 4 (and dC = 0 for background). Then if we set A = 1 and B = 0 we have
It is still regular at r = 0 since ρ(0) = −1. In this case C doesn't have any anomalous variation under SO(5) transformations since e 4 is gauge invariant.
Therefore, we just showed that there is a solution of the magnetic coupling equation which coincides with the classical solution to SUGRA outside a tubular neighborhood of the M5-brane (where ρ = 0) and is smooth near the brane. Let's see what anomaly inflow such a choice of the solution leads to. Evaluated on the class of solutions
the gauge variation of the Chern-Simons has necessary surface term. Indeed, the potential for Eq. (15) can be defined locally as C =C + e 3 /2. Thus the variation of the ChernSimons is
2 /2 ∧ (dC + e 4 /2) ∧ (dC + e 4 /2) .
Integrating by parts and taking the limit and using the fact thatC is smooth near the brane we obtain
This is in accord with [1] . The anomaly inflow is generated without any smoothing out of the magnetic source.
As for the case of the regularized solution of Eq. (14) , the Chern-Simons should be modified since G is not a closed form. One can make the same choice as in [1] , namely , take a closed form G − ρe 4 /2 instead (see Eq. (6)). In this case G − ρe 4 /2 = e 4 /2 + dC and the modified Chern-Simons reads
This is the Chern-Simons (see Eq. (16) 
This expression should be compared to * n n = d∆ , * n = 1 4! δ rkε rlmnp ∂ k ∆ dy l ∧ dy m ∧ dy n ∧ dy p .
Thus for f (r)e 4 /2 to be equal to * n the function f (r) should be taken as f (r) y m /(128π 2 r 5 ) = δ mn ∂ n ∆(r) = ∆ ′ y m /r .
It implies
This is what we intended to prove. Since r 4 ∆ ′ = const for r > 0 parameter R in ∆ can be chosen such that f (r) = 1.
